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Thus far, we have derived Fick's First Law and have shown
how it could be used to describe the passive transport of

molecules across membranes.

Fick's First Law

J: ==-D i%c(x—) flux of species k along x — direction

where D = diffusion coefficient.



According to Einstein,

D= k;T where f = frictional coefficient
= AykpT Ax = mobility of species k&

Extend to 3-Dimensions

J,,=-D vVC, if diffusion is isotropic.

If the medium is anisotropic, then
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Diffusion tensor D

D is diagonal as shown if the principal axes are chosen;

~

otherwise D is non-diagonal:

Dx'x' Dx’y' Dx
D=\D.. D.. D
- yx vy yz

D.. D.. D

X, Y, z are related to x', y', z' by a simple rotation of the

coordinate system.



Frictional Coefficient

fcan be related to the size and shape of a molecule.

Stokes: For a sphere of radius r,

f=6mrn
where 7 = viscosity of the medium in which the sphere is
diffusing. If the macromolecule is spherical and unsolvated,
you can determine its radius from the frictional coefficient

using the Stoke's relationship.

However, the measured f for a macromolecule is usually
larger than the value predicted by the Stoke's relationship for
a molecule of the same volume. Reasons: Macromolecule is

(1) solvated; and (2) non-spherical.

Effect of solvation on [

A certain amount of solvent is usually associated with a
macromolecule in solution. This solvation increases the
effective or hydrodynamic volume of the macromolecule and
hence its friction coefficient. The effect can be estimated by
measuring the partial specific volume of the macromolecule

in solution.



Say you add g, grams of the macromolecule to the solution:

partial specific volume, 7, = (QV_)
%2 )1,Pg,

For a solvent-impermeable object, such as an insoluble bead,
the increase in volume is just equal to the volume of the bead.
Such is not the case with a typical macromolecule, because
water may solvate and even may penetrate the

macromolecule.

In general, when a solute (macromolecule) is added to a
solution, the volume is increased due to the volume of the
added solute, but there may be a compensating decrease
arising from solvation if the bound solvent has a smaller

volume than the free solvent.

We can describe this mathematically as follows:

I72 =V, +61(V1 _VIO)

where 7, = partial specific volume of solute (em’/ @)
v, = specific volume (cm® / g) of unsolvated solute
v, = specific volume (cm’ / g) of solvent when it is

bound to the solute



v,’= specific volume (cm’/ g) of ""free" solvent
(reciprocal of density of "free'" solvent)
s, = grams of solvent bound to macromolecule per

gram of solute

Note that when s5(,-v°) is negative and the decrease is

greater than v,, 7, <0; thatis, the partial specific volume is

negative. An example: Addition of MgSO, to water at

concentrations below 0.07 M.

Rearranging, we have
Vo+ O, = 172 +§1V10

The left-hand side is merely the specific volume of the

solvated solute. Therefore

M
vV, = —]V—(Vz +51V1)

s
A

NK(V +0,v, )

where V' = volume of solvated macromolecule (solute).

The partial specific volume 172 and the hydration O, have

been measured for many proteins and nucleic acids in

aqueous solution (buffer).



For most proteins, V', = 0.7 to 0.75 cm’/g.

For double-stranded DNA, V, = 0.4 to 0.5 cm’/g.

0,:

Values of hydration O, range from 0.2 to 0.6 grams of water

per gram of protein for proteins, and 0.5 to 0.7 for DNA.

r,f:
If the macromolecule is spherical

47 3 _ _ M (= 0
. —?-’—r = Vs = —N—;(V2+51vl )

13
_| 3M = 0
or r—[4 A(V2+51v,)]

and the frictional coefficient

1/3
3IM
f = 671'17 [47[1VA (Vz +6,v10) ]

Because of solvation, f is increased. Typically, solvation

increases the frictional coefficient of a protein or nucleic acid
by 10-20%.

It is customary in the field to define



fo= frictional coefficient of solvated sphere

fonin= frictional coefficient of unsolvated sphere

— 0 1/3
So ff° =(V2+I7§1V1] ~1.1-12
min 2

Effect of Shape on the frictional coefficient

The frictional coefficient of a non-spherical macromolecule is

greater than that of a spherical one of the same volume. Let

f = frictional coefficient of macromolecule of interest
fo = frictional coefficient of a sphere of same volume

fmin = frictional coefficient of unsolvated sphere
Then we may write

£l
Jin \Jo N Sowin

where — = shape factor
fo

Jo

f = solvation factor



(LJ has been calculated for various single geometrical forms

(see Table 1 below). It can be as large as ~4 for a prolate
ellipsoid (football shape solute); e.g., a long rod. It can be as

large as ~3 for an oblate ellipsoid (pancake shape solute); e.g.,

Jo
a flat disk. Since £~ 1.1 to 1.2, shape has a much larger

effect on the frictional coefficient than solvation.

Note that the above concepts are useful for describing rigid
macromolecules, not flexible ones. To illustrate the problem,
consider a large DNA molecule, for which length >>
diameter. We know that the DNA is coiled up in solution like
a loose ball of thread and there is a lot of solvent associated
with the "ball." Hydrodynamically, the solvent molecules
within the domain of the coiled macromolecule can move
freely, independent of the motion of the macromolecule, as
the macromolecule moves through the solution; or they can
be trapped by the macromolecule and move with it. These
two limiting possibilities are called "free draining" or '"'non-
draining," respectively. The ideas expounded here are
applicable for the non-draining limit. For DNA, the amount

of solvent hydrodynamically associated with the DNA is



large, so the non-draining limit applies. For flexible coils, the

frictional coefficient f o« M or D M ™",

Table 1. Ratio of frictional coefficient for an ellipsoid of
revolution to frictional coefficient for a sphere of the same

volume (f7fy), as a function of the axial ratio

Slfo
(a) Prolate ellipsoids (b) Oblate ellipsoids
Ellipsoid of revolution Ellipsoid of revolution

generated by an ellipse of generated by an ellipse of
major axis @ and minor axis b major axis b and minor axis a
revolving about its major axis revolving about its minor axis

(football) (pancake)

’ :

Major axis , = C.:.f '
Minor Axis - '-@ @ ‘

1 1.000 1.000

2 1.044 1.042

3 1.113 1.105

4 1.182 1.166

5 1.250 1.223

6 1.314 1.277

8 1.433 1.373

10 1.543 1.458



12 1.644 1.534

14 1.739 1.603
16 1.829 1.667
18 1.914 1.727
20 1.995 1.793
25 2.184 1.909
30 2.357 2.020
35 2.518 2.120
40 2.668 2.212
45 2.811 2.293
50 2.947 2.375
60 3.201 2.519
70 3.437 2.648
80 3.658 2,765
90 3.867 2.873
100 4.066 2.974
Electrophoresis

Electrophoresis is the separation of macromolecular species
according to their electrophoretic mobility. Here the

thermodynamic driving force is zle| £

E r@ z|le E

-




and the limiting velocity of migration of the charged

macromolecule in a nonconducting solvent is given by

fv = z|elE or

where |¢| =1. 6 x 107" coulomb, E is in volt/ cm. From this

result, the electrophoretic mobility (), i.e., velocity per unit

field is

2l

e
7_.
In principle, macromolecules can be separated according to
their electrophoretic mobilities. For example, HbA (normal)
and sickle cell HbS can be readily separated this way. HbS
differs from HbA by the substitution of valine for glutamic
acid in each of the two B-chains. As a consequence, the two

proteins differ by two charges per molecule. The fs are

otherwise identical.



In general, the interpretation of electrophoretic mobility is
complicated because
(1) the solvent is not non-conducting;
(2) small ions are always present as counterions,
buffers and so on;
(3) the charged macromolecule is surrounded by an
atmosphere of small ions.
Nevertheless, electrophoresis is a powerful analytical tool for
the separation of charged macromolecules (according to their

electrophoretic mobilities).

Isoelectric Focusing

Isoelectric focusing is the separation of charged
macromolecules according to their isoelectric point. At the

isoelectric point, the net charge on a macromolecule = 0; i.e.,
;Zk Iel =0 for all residues

and its electrophoretic mobility # = 0. So if a pH gradient is
set up between the two electrodes in an electrophoresis
experiment, the macromolecule will migrate to its isoelectric
point and come to rest there. When a mixture of proteins is
introduced, the proteins will be separated according to their

varying isoelectric pH's or isoelectric points.



++++++++4++++
low pH
isoelectric pH
high pH
Gel Electrophoresis

Gel electrophoresis is electrophoresis through a gel, a 3-D
polymer network dispersed in a solvent. A variety of gels

have been used.

(a) Agarose gel (polysaccharide obtained by agar in
aqueous medium);

(b) Acrylamide gel (a copolymer of acrylamide
(CH=CH-CO-NH;) and N, N'-methylene-
bisacrylamide;

(CH,=CH-CO-NH-CH,-NH-CO -CH =CH,) in
aqueous medium); the degree of cross-linking
depends on the ratio of the bis-compound to

acrylamide.



In gel electrophoresis:

(a) The actual path traveled by a macromolecule
through the porous gel is considerably longer than
the gel tube.

(b) The gel imposes additional frictional resistance to
the macromolecules as they move through pores of
comparable dimensions.

(¢) The macromolecules may interact with the gel
network, e.g. through electrostatic interactions if the
gel network contains charged groups.

(d) The parts of the gel with pores smaller than a
particular macromolecular species are impassable.

(e) It may be exploited to separate macromolecules of

different charges!

() It may be exploited to separate macromolecules of

varying sizes and shapes.

Molecular Weight Determination of Proteins by Gel

Electrophoresis

zZle|
Recall u = 7



The determination of the molecular weight of
macromolecules by gel electrophoresis is complicated by the
fact that u depends on both the charge and /. The charges on
a protein vary from protein to protein. Also, f depends on
shape. Before gel electrophoresis can be useful for molecular
weight determination, you must make the charge and f

contribution to u# proportional to the number of residues.

To accomplish this, denaturing gels were introduced.

(a) Treat proteins with the anionic detergent, sodium
dodecylsulfate (SDS) and 2-mercapto-ethanol; the latter
disrupts sulfur-sulfur linkages in proteins; the

combination dentatures protein.

(b) At SDS concentrations > 10° M, a nearly constant
amount of SDS is bound per unit weight of protein (~0.5
detergent molecule/amino acid residue). So charge of
protein-SDS complex = charge of SDS (-1) x # of bound
SDS + protein charge
= charge of bound SDS oM
and since
fof SDS complex o« M'?,

the electrophoretic mobility is roughly proportional to M3,



Thus, under these conditions, the mobilities of the

SDS-treated proteins are determined by their molecular

weights. Empirically,
logM = a-bx

where M = molecular weight
X

a b

1

distance of migration in the gel

1

constants for a given gel at a given electric
field
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This method doesn't always work. Deviations for the relation
occur when a protein binds an abnormal amount of SDS
(such as glycoproteins) or when the protein carries a number

of charges (such as histones or highly acidic/basic ones).



Gel Electrophoresis of double-stranded DNA

At neutral pH’s, large DNA’s behave like random coils with
charge densities that are uniform along the lengh of the
molecules. Therefore, we expect gel electrophoresis to work
well here. Very good resolution is obtained for MW < 10’.
For the smaller fragments, gel electrophoresis provides a
versatile and accurate method of molecular weight

measurements.

The method is also capable of distinguishing DNA's of
different topological forms. Circular DNA's, super-coiled
DNA's have different electrophoretic mobilities from those of

linear DNA molecules of the same molecular weight.

1100 bp

206

160 bp

%0 bp sod was

fiworescent
s7p thes photograpbed under uv light.



Gel Electrophoresis of Single-Stranded Nucleic Acids

Single-stranded nucleic acids usually contain regions of
complementary base sequences. As a consequence,
intramolecular base pairing can occur. Such pairings affect
frictional coefficients, so electrophoretic mobility of
single-stranded nucleic acids is not a simple function of the

molecular weight.

To obviate this difficulty, electrophoresis is carried out in a
gel containing a high concentration of urea, which disrupts
base pairing. The mobility of the nucleic acid is determined

by the number of phosphate groups in the strand.

Sequencing Gel Electrophoresis

Maxam and Gilbert' and Sanger et al.” used this method of

sequencing nucleic acids. For example:

5' hydroxyl

GGCACGACACTGTTTCCCGAC

1 |




The procedure consists of the following:

(a) Label the strand at the 5’-hydroxyl group of the first
nucleotide with radioactive *P.

(b) Cleave after guanines (G).

(c) Separate oligonucleotides according to their #'s on a
denaturing gel (7 M urea).

(d) Repeat steps (a) through (c), but cleave after
adenines (A).

(e) Repeat steps (a) through (c), but cleave after
cytosines (C).

(f) Repeat steps (a) through (c), but cleave after
thymines (T).

This method has the resolution of 1 base!
' A. M. Maxam and W. Gilbert, Proc. Nat. Acad. Sci. USA 74,

560-564 (1977). * Sanger et al., Proc. Nat. Acad. Sci. USA 74,
5463-5467 (1977).
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Schematic illustration of a sequencing gel electrophoresis pattern. The
sequence of the first 20 bases of a single strand of DNA is shown. The
strand is labeled at the 5' hydroxyl group of the first nucleotide with
radioactive **P. The strand is broken at adenines (A), guanines (G)
cytosines (C), and thymines (T) and placed in four lanes at the top of a
denaturing gel of 20% acrylamide, 0.67% methylene bisacrylamide, 7
M wurea. After electrophoresis, autoradiography for 8 h produced the
pattern shown. The sequence is now simply read off. To continue the
sequence determination; longer electrophoresis times must be used. [A.
M. Maxam and W. Gilbert, Proc. Natl Acad. Sci. USA 74, 560-564
(1977).].



Sedimentation (Under a gravitational potential)

in fluid

Driving force = f = m%v; (Force = ma!)

In a gravitational potential,

F, = driving force = mg—mv,pg = m(1-¥,p)g
where g = gravitational acceleration
m = mass of particle
f = frictional coefficient
¥, = partial specific volume of particle

%)
98 Tipig

p = density of viscous medium
velocity of sedimentation

il

v

Note that

mv, = effective volume of particle

so that m¥,pg = buoyant force

Need to include buoyant force! Therefore,



m(l-v,p)g—fv = m%

When the frictional force balances the driving force, % =0 and the particle acquires its
terminal velocity (v, ).

V= J—————m 1";2")8

Sedimentation (in an Ultracentrifuge)

The same principles and formulae apply except that g is

replaced by w’x.

m(1-%,p)@’x
f :
where @ = speed of rotation (in radians/sec)
’ x = distance from the axis of rotation

vV, =

axis of rotation
meniscus

|
o]
—

l‘ "




Sedimentation Coefficient (.5)

g v2, :m(l—\_)zp)
0 x f

where S = terminal velocity / unit acceleration

Sedimentation coefficients have units of sec. 107" sec is called
1 svedberg (or 1 §). T. Svedberg pioneered research on

sedimentation in an ultracentrifuge. 1S5 = 10" sec.

Determination of sedimentation coefficient

(1) Boundary sedimentation

Boundary sedimentation is sedimentation of macromolecules

in a homogeneous solution.

(a) Begin with a homogeneous solution of macromolecules.

(c) As the solution is spun in the ultracentrifuge and
macromolecules move down the centrifugal field, a
solution-solvent boundary is generated. The boundary can

be monitored by refractive index, color (absorption) etc.



e time 0 }
plateau region
time ¢

Concentration .
solution

X ' Xp

meniscus cell bottom

(d) By following the boundary with time, the sedimentation

coefficient can be determined.

v _ dapld _ 1 dinxy,
w’x @*x; w® dr slope
2.303 dlogxilz 1o
— g2
o* dt

2.303
= —5— (slope)
@

(2) Zone sedimentation

(a) A thin layer of a solution of the macromolecule(s) is
placed on top of a solvent containing sucrose (sucrose

solution).



band containing solution
of macromolecules —

buffer + sucrose

(b) As the sample is spun in the centrifuge, a band
containing macromolecules will move down the
centrifugal field. Also, a sucrose gradient will have
developed. The sucrose gradient ensures that the
density of the "solvent" is always greater than the
density of the sedimenting zonme. This ensures the

stability of the band.

I meniscus

Do
[EE— sucrose density gradient
/

l species 1  species 2

(c) §'is determined from the displacement of the band(s) with

time in the centrifuge tube.



Frictional coefficient

Once S is determined, fcan be determined from

S = m(l-—\—lzp)
f

since m, ¥,, and p can be determined experimentally.

Sedimentation-Equilibrium

(1) Consider sedimentation of a homogeneous

two-component solution (a solute plus solvent) in an
ultracentrifuge. Because of sedimentation, a concentration
gradient is generated. Diffusion sets in. Since transport
by sedimentation and diffusion go in opposite directions,

eventually an equilibrium concentration is generated by

ultracentrifugation. This occurs when

kpT dC _ -

'—%‘-—E = M(I—VZP) mzx or

RT dC - —

o M(1-%p)@*x or
i 4.606RT dlogC

" 01 wp) df?

Measure log C vs x2 to obtain M/



(2) Another way to reach sedimentation equilibrium is
when the macromolecule becomes "buoyant" in a

density gradient. Under this condition,

(1-%p(x))=0 and v, or =0

(a) Inthese experiments, a density gradient is established by adding concentrated
salt solution, e.g. CsCl, to the solution of macromolecule(s).

(b) The solution is then spun at high speeds ().

(c) The various macromolecular species will form bands at points in the salt
gradient where the macromolcules become buoyant; i.e., at x’s where
(1— 62p(x)) =0 for the species. Many biological macromolecules have
“buoyant densities” sufficiently different that they can be separated or
resolved by density-gfadient centrifugation.
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Density-gradient centrifugation. (a) A macromolecular species
in.a concentrated salt solution of an appropriate density is spun in an
ultracentrifuge. The solution was initially homogenecus. After a certain
time, equilibrium is reached. The concentration of the salt, and con-
sequently, the density of the solution, increases with increasing distance
from the center of rotation. The macromelecular species forms a band at a
position at which the solvated moleculed"fte buoyant. (b} An actual tracing
of two DNA species in'a CsCl solution. The initial homogenous solution has
a density of 1.739 gem™. After 17 h a1 44,770 revolutions min”* and 25°C,
the DNA species form two sharp bands. Species 1 is a bacterial virus DNA
with 8 molecular weight 20 X 10%, Species 2 is the same DNA except that
it contains a heavier isotops of nitrogea (**N rather than the usual "*N). The
substitution of ™N by ™N increases the buoyant deasity of this DNA by
0.012 g em™,

More on Diffusion:

Fick's Second Law

&) —> —— Ji(x+Ax)

Xx x4+ Ax



If Ji(x)# J,(x+ Ax), there will be an accumulation or depletion of the molecular species

k from the zone. From mass balance,

=[G+ A - T (x)]Ar = A -1-Ax,  1-Ax = AV
AC; is in moles / cc

_ AL _ AC,
Ax At
o dC(x)
But J,F = —-p=—=k’
u k 3 dx
Therefore

2 .
d (";l;(zx’ D. ac’b(tx’t) Fick's Second Law of Diffusion

dC,(F,1)
ot

D

or DV2C,(F,0)= in 3- dimensions isotropic medium

Solution to differential equation for a plane source:
(a) 1-D only.
(b) As t—0, C(x,0)0=0 forallx's exceptat x=0, where C(0,0) = oo.
(¢) Solution

I x?
Cx,0)= at % exp| ———
4Dt

where o = aconstant

(d) To obtain «, use normalization condition, i.e., conservation of molecules of
that species. '



N = number of molecules = j C(x,1)dx

o0

: 2
=af t"uzcxp(-—z%;)dx = 2a(xD)""* or

o T I . - x” Gaussian in x!
’ 2(nD1)!/? 4Dt ’

(e) Probability of finding molecules at position x at time ¢ = P(x,f) = %C(x, 1)

This result can be used to calculate mean-square displacement of the
molecules from the origin

<x2> = szp(x,:)dx =2Dt
<x2> =2Dt

®




How to Measure D?

@
) . cover slip with
cover slip -+ thin film of
solvent
thin strip of colored

protein solution

Carefully lay the cover slips on top of
one another solution face to solution
face and squeeze cover slips

Measure C(x) as a function of time and
compare observed concentration profiles
with simulated curves to obtain D

(b) In2-D, replace the plane source by a circular patch.

. cover slip with
cover slip e + bi laygr
x membrane film
fluorescence labelled
or spin-labelled
phospholipids

<x2+y*> = 4Dt




The lateral diffusion coefficient of lipids in bilayer membranes is determined in this
fashion (D ~ 10-8 cm?/sec).

<x2+y2)=4Di=4x10‘8 cm? /sec (1)
(r2> =4x1078 cm? in 1 sec
()" =2x10™ cm in 1 sec

=24 (4 = microns)

(¢) Quasi-Electric Light Scattering
Dephasing of a coherent laser beam of light frequency v, due to Doppler broadening of
scattered light.

/'

jA > © |—0»

monochromatic \ Lscanered

intensity o

Incident light

oD ~104Hz for protein
molecules with
D ~10%cm?2/sec




